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Abstract 

Hitchin shows in [5,6] that half-flat 5t/(3)-structures on a 6- 
dimensional manifold M can be lifted to parallel G2-structure on 
the product Mxl, We show that Hitchin's approach can also be 
used to construct nearly parallel G2-structures by lifting so-called 
nearly half-flat structures. These 5/7(3)-structures are described 
by pairs (to, ip) of stable 2- and 3-forms with dip — Xto 2 for some 

Ael\{0}. 



Introduction 



The group SU(3) can be realized as the G2-stabilizer of a point in the 6-sphere. 
Therefore a S'C/(3)-structure on a 6-dimensional manifold M can always be lif- 
ted to a G2-structure on the product M x R. Conversely a G2-structure induces 
a 5'C/(3)-structure on oriented hypersurfaces (see [1]). This relationship between 
SU(3) and G2-structures seems to be very pronounced in the case of (nearly) half- 
flat SU(3)- and (nearly) parallel G2-structures. Cabrera shows in [1] that (nearly) 
parallel G2-structures induce (nearly) half-flat S'f7(3)-structures on oriented hyper- 
surfaces. Conversely Hitchin shows in [5,6] that half-flat S'?7(3)-structures can be 
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lifted to parallel G2-structures. It is well known that the associated metric of a 
parallel G2-structure is Ricci-flat. Nearly parallel G2-structure can be described by 
special 3-forms tp with dtp — A * ip for some A G R \ {0}. The associated metric of 
a nearly parallel G2-structure is Einstein with constant scalar curvature. Therefore 
the question arises (see [3]) whether nearly half-flat S'[/(3)-structures can be lifted 
to nearly parallel G2-structures. 



I. Stable forms and 5f/(3)-structures 

Definition 1.1. Let V be a real n-dimensional vector space and p G A k V* . 
We say that p is stable if the orbit of p under the natural action of GL := GL(V) 
on A k V* is open. Consequently we call a fc-Form p : FM — ► A fc R™* =: A k on a 
n-dimensional manifold M with frame bundle FM stable if for every frame p G FM 
the GL(n,R) -orbit GL.p{p) of p(p) is open in A fc . Stable forms have the property 
that all forms in a sufficiently small neighbourhood are stable, too. 

Example 1.2. Consider the following forms on R 6 

e 14 + e 25 + e 36 
e 123 _ e 156 + e 246 _ e 345 

±co 2 = e 1425 + e 1436 + e 2536 

where (ei, - .,ee) denotes the standard basis of R 6 . The 2-form luq is the canonical 
symplectic form on R 6 and its stabilizer under the GL(6,R) action is Sp(6,R). It 
follows 

dim(Gi(6,R)) - dim(S , p(6,M)) = 36 - 21 = dim(A 2 R 6 *) 

and therefore lvq is stable. The identity component of the stabilizer of ipo, is 
SL(3, C), 5p(6,R) respectively. Therefore ipo and oq are stable forms too. 

Remark 1.3. The 3-forms lying in the open orbit of ipo are of special inte- 
rest. Given such a form tp it is possible (see [5]) to construct a complex struc- 
ture I(ip) G End(R 6 ) on R 6 . To construct an almost complex-structure on a 6- 
dimensional manifold M consider the subset 

% (M) := {ip : FM — ► GL.tp C A 3 } C fi 3 (M) 

of 3-forms on M. Given tp G Q, Vo {M) we obtain an almost complex structure 
I(tp) G r(End(TM)). To be more precise, we require that M is oriented to con- 
struct the almost complex structure. This is due to the fact that only the identity 
component of the stabilizer of ip is equal to SL(3, C) C GL(3, C). Apart from forms 



u> ■■= 
Po ■= 
cr := 
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of type ipo there is only one more type of stable 3-forms on a 6-dimensional vector 
space [5] . Henceforth a stable 3-form shall always be a form of type ipo . 



Let po G {luq, cpo, (To} be a stable fc-form on M 6 . In the appendix we give a definition 
of an associated volume 



e : GL.p — ► A 6 

which is compatible with the action of GL(6,M) in the following way: 




I sgn(A)A.e(p) if p G GL.tpo or p G GL.oq 
where sgn(A) denotes the sign of det(A). 

Applying this invariance to the action of the scalar matrices, we see that e(X k p) = 
X 6 e(p), i.e. e is homogeneous of degree 6/k and by Eulers formula we get D p e(p) = 
|e(/o). Finally the wedge product gives an isomorphism A 6 " fc = Hom(A fc ,A 6 ) and 
for every p e GL.p we find a unique pE A 6 ~ k for which 



D p e(.) = -pA. 



holds. By definition of p we also have 



and the map 7: GL.po 



4p) = y^p^p 

A n ~ k satisfies: 



Lemma 1.5. For p e GL.p and A e GL(6,R) we have 




A.p if p G GL.ojq. 

sgn(A)Ap if p € GL.ipo or p G GL.oq. 



Proof: For p G TA. P {GL.p ) = A fc the invariance of e yields 
DA.„e(p) = sgn^det^-^Dpe^- 1 .^) 
where sgn(A) occurs only in the case po G {t^o, °"o}- Therefore we get 
Ap A p = D A . p e(p) = sgn^det^-^Dpe^" 1 .^) 
= sgn(A)A.(pA A^.p) = sgn(A)A.p A p 



□ 
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In the following proposition we describe how the associated forms p of a stable form 
p G GL.po look like. In fact the forms p are stable too. According to Lemma 1.5 we 
only have to compute D po e for po £ {^o, Po, °o} and what we get is: 

Proposition 1.6. The associated forms p are given by: 

(1) UJ = -U?. 

(2) <p = -I(<p).ip. 

(3) d=-w if cr = \to 2 e GL.a . 

Now let M be a 6-dimensional oriented manifold. Using the invariance of e and ? 
we obtain maps e : £l Po — ► fi"(M) and ? : fi po — ► f2"~ fc (M). Stable forms can 
be used to describe 5/7(3)-structures on M. In particular we have (see [6]): 

Proposition 1.7. There is a one-to-one correspondence between 5C/(3)-structures 
on M and pairs (u>, ip) of stable 2- and 3-forms on M, which satisfy the following 
compatibility conditions: 

(I) (u, (p) is positive, i.e. u(X, I{<p)X) > for all X ^ 0, 
(II) lo A ip = 0, 
(III) e(p) = e(uj). 

Remark 1.8. Note that the equation lo A <p — holds if and only if u> A (p = 
holds. In particular this is exactly the condition for u>(.,I((p).) to be symmetric. 
Therefore the conditions (I) and (II) allow us to reconstruct the metric of the 
corresponding SU (3)-structure. Equation (III) is the condition for the (3, 0)-form 
a := ip + Hp to be of constant length. 

Definition 1.9. We say that a S'C/(3)-structure (oj,<p) is 

nearly-Kahler :<^> duj = 3ip and dip + 2lu 2 = 0, 
half-flat :<^ dp — and duo 2 = 0, 
nearly half-flat 3 X e R \ {0} : dp + Xoj 2 = 0. 

Every nearly-Kahler structure (u>, ip) is half-flat and the corresponding 51/(3)- 
structure (oj, (p) is nearly half-flat. Note that half-flat structures are not necessarily 
nearly half-flat. The reason (see [2]) to call structures with dip = Xoj 2 nearly half-flat 
is the type of their intrinsic torsion (in the Gray-Hervella-decomposition). Apart 
from the half-flat components W-f © © W3 the torsion of a nearly half-flat 
structure has additional values only in , given by / A e R = W± . 
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2. Lifting nearly half-flat 5f7(3)-structures to nearly parallel G2- 
structures 

A G2-structure on a 7-dimensional manifold M can be described by a stable 3-form 
ip which is locally of the form 

^0 := ^0 A e 7 + ^0 = e 147 + e 257 + e 367 + e 123 - e 156 + e 246 - e 345 

where (ei, ..,67) denotes the standard basis of R 7 . The stabilizer of ipo under the 
natural action of GL(7, R) is the 14-dimensional Lie-group G^. Choosing a point 
x E S 6 the group SU(3) can be realized as the subgroup of G2 which leaves x 
invariant. Due to this fact we have: 

Lemma 2.1. Suppose (u>t, P>t)tei is a family oiSU (3)-structures on a 6-dimensional 
manifold M 6 . Define a 3-form tp on M 7 := M 6 x I by 

tjj := w A dt + if, 

i.e. for (m, t) € M 7 we have V'(m.t) — ^t.m /\dt + (p t , m - Then tp defines a G2-structure 
on M 7 and for the induced metric and orientation on M 7 the equations 

(1) *ip = —(p A dt — \uj 2 , 

(2) (ftjj = (d e uj - tp) A dt + d 6 tp, 

(3) d 7 * V = (-d 6 fi - lu Aw) Adt - uj Ad 6 tu 

hold. 

As a direct consequence of Lemma 2.1 we get: 

Lemma 2.2. Suppose (u>t, <Pt)tei is a family of S'C/(3)-structures on a 6 dimen- 
sional manifold M and let A € K \ {0}. The induced G2-structure tjj — uo Adt + tp 
on M x I is nearly parallel with dtp = A * ip if the following Evolution Equations 
hold: 

(1) dtp t + \j t = 0. 

(2) duj t - tp t = -\tp t . 



Let M be a closed oriented manifold with a nearly half-flat S'?7(3)-structure (ui, tp) 
which satisfies 

A A 2 
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for some AgR\ {0}. Consider the non-empty set 

A := W e n 3 (M) \ 3ljE n wo (M) : dip = -^ 2 }- 

As a first order differential operator the exterior derivative d : 4 (M) — ► fl 3 (M) 
is a continuous map and the set A = (— jd)~ 1 (Q ao (M)) C f2 3 (M) is open in the 
Frechet topology (see [4]). From .4 ^ we get 

T V A= fl 3 {M). 



Lemma 2.3. According to Proposition 1.6 the map 

7T : A — > Mojo (M) with if i — > - ( 
has the following properties: 

(i) -^(ip) 2 =d<p. 

(ii) For tp € T V A — f2 3 (M) we have 7r(<p) A n*,p(tp) = — jdtp. 

(iii) For F G Diff(M) we have ir(F*ip) = F*n(ip). 

Definition 2.4. Suppose (ui, ip) is a nearly half-flat S'[/(3)-structure on a closed 
manifold M with dip = ~^uj 2 for some A e R \ {0}. On the open set 

A :=An% {M) C il 3 (M) 

we define a non-degenerated skew-symmetric bilinear form fl by 

0(01,(^2) := / 0i A ^2- 
Jm 

Consider the real-valued function H : A — ► R defined by 

V — > 2A f / e(p) - / e(7r(^)) 
From Lemma 2.3 (iii) and the invariance of e we get 

H{F*<p) = ±H(<p) 

for each F € Diff(M). The sign is positive if F is orientation-preserving, and ne- 
gative if F changes the orientation. Now let X be the associated vector field on A, 
i.e. 

Q(X,.) = DH 

and let / C R be an open interval for which the flow $ of the vector field X through 
ip G A is defined for all times t G I. Then for alH € I the forms 

<p t := $t(<p) and Lu t := ^{ft) 

are stable and our main result is: 
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Theorem 2.5. For a sufficiently small interval I the forms (u) t ,(pt)tei define a 
family of SU (3)-structures on M and the induced (^-structure ip = lo A dt + p on 
M x J is nearly parallel with dip — X* ip. 



PROOF: The forms (u>t, pt) are stable and according to Proposition 1.7 the forms 
(u>t, ft) define a S'[/(3)-structure if the conditions 

ut t A (fit = and e{uj t ) = e(p t ) 

are satisfied. Note that the open condition (I) of Proposition 1.7 holds on the 
compact manifold M for sufficient small I and Lemma 2.3 (i) yields 

(1) d Vt + ^ = 0. 

Therefore the induced G2-structure is nearly parallel if the equation 

(2) duj t -ip t = -A<£ t 

holds (see Lemma 2.2). For Y G F(TM) consider the map 

Hy ■■ A — >M with ip i — ► [ (Yj (~d<p)) A ip. 

Jm X 

For ip e A we have dip = — ^u> 2 and therefore 

/j,y(p) = / (Yj lo) A w A p. 
Jm 

Since lo is non-degenerated, the equation uo t A p t = is satisfied if and only if 
Uript) = holds for all Y e Y{TM), i.e. 

(3) dfiyi'Pt) = 
for all Y e T(TM). Stokes' theorem yields 

Sl(X o p t ,L Y pt) = / <p t AL Y pt 

JM 

= <p t A d(Yjp t ) + (p t A {YjdiPt) 
Jm 

= dp t A (Yjp t ) + p t A (Yjdipt). 
Jm 

and from = dipt A pt we get 

fl(X oip t ,L Y <Pt) = / -(Y_idipt) A p t + p t A (Y_idp t ) 
Jm 



/ -(Yjdipt) Ap t ~ (Y_sdp t ) A p t 
Jm 



= Xd^i Y (P>t)- 

Hence 

\diJL Y (p t ) = fl(X op t ,L Y p t ) = D Vt H(L Y p t ). 
On the compact manifold M let ^ s be the flow of Y, defined for \s\ < e. For p t £ A 
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define a path 

c :(-e,e) >A by 

Note that dc(s) = ^*dip t = -|(**w t ) 2 holds. Therefore we have c(s) £ A with 
c(0) = Lytfit for sufficiently small e. Finally, Definition 2.4 yields (3): 

Xdfj, Y {<Pt) = D Vt H(L Y (p t ) 

= (s .— > # oc(s))'(0) 

= (5 — > H(*> t ))'(0) = 0. 

S v ' 

So we have Lo t A ipt — for alii G / or equivalent 
(4) u t A tp t = 0. 

By definition we have e(ir(ip)) = — ^ir(ip) 3 and the flow equation Q(X, .) = Di7 
yields 

/ p t A<^ = Sl(ip t ,<p) = Sl(X otp t ,(p) = D Vt H(p) 
Jm 

= 2A f D Vt e(<p) + \^ t f A tt*(0) 
Jm z 

for all <p E T Vt A = £1 3 (M). Using Lemma 2.3 (ii) we obtain Equation (2): 
/ ipt A p = 2A I 1-ip t Ap + \-bj t A {~\dp>) 

JM JM 1 I A 

= / Xift A Lp — LO t A d(y3 

Jm 

= / (A^ t + d^t) A p. 

JM 

Further we have 

2(De(io t ) - De(p t )) = Q t A d>t ~ fit A p t 

= -uj Aoj t - (pt A (A^ t + dwt) 



= — lo\ A d> t — fit A dwt 

( 4 ) 2 

= — w t Aw ( - apt A uj t 



co t A iot — —dpt A Lo t 



(2) . .2 A ... I 
A 

( ^0 



which proves the theorem. 



□ 



According to the results in [1] and [5,6] Theorem 2.5 is the last part to completely 
understand the relationship between (nearly) half-flat Sl/(3)-stnictures on M and 
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(nearly) parallel G2-structures on the product M x M. 

Apart from nearly half-flat structures on hypersurfaces of nearly parallel G2 mani- 
folds, nearly Kahler structures are also examples for nearly half-flat structures (see 
[3]). A nearly Kahler structure is a »S[/(3)-structure (ui,<p) which satisfies 



These equations imply that (u, tp) is a half-flat structure and the corresponding 
S'?7(3)-structure (u>, p) is nearly half-flat. In the nearly-Kahler case Hitchin's evolu- 
tion Equations and the evolution Equations (1) and (2) of Lemma 2.2 can be solved 
explicitly in terms of (to, ip) and (u>, (p): Suppose (u>, if) is a nearly-Kahler structure 
with metric g. For t e M>o the 5?7(3)-family 



induces a parallel G2-structure on the product M x M >0 and the G2-metric g is 
given by the conical metric g = t 2 g + dt 2 on M x M>o. We can do something similar 
to construct nearly parallel G2-structures: For t G (0,7r) the S'C/(3)-family 



induces a nearly parallel G2-structure on the product M x (0, it) and the G2-metric 
g is given by g = sin 2 (t)g + dt 2 . 

Hitchin's construction and the construction presented in Chapter 2 have in common 
that the torsion type of the 5J7(3)-family remains constant. This indicates that a 
unifying approach to both constructions might be possible. 



Appendix: Definition of the volumes (see [6]) 

For the case n=6 and k=2 the volume associated to u G GL.uu is simply the 
Liouville volume 



In the other cases, we construct GL(6, M)-invariant maps in the following way: 



<ko = 3(p and dip + 2ui 2 = 0. 



u>t := t 2 uj and ipt := t 3 tp 



u>t '■= sin 2 (t)u) and ipt := sin 3 (t)(sm(t)p + cos(t)p) 



e ( w ) := _ w 3_ 



(i) n=6, k^3: 



K : A 3 



Hom(R' 



6 ,M 6 ®A 6 ) by K v (x)(a) := - 



a A {x_itp) A p E A 6 



(a; el 6 ,a£ R 6 *) and 



A : A 3 



(A 6 ) 2 by <p 
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(ii) n=6, k=4: 

K:A A — >Hom(R 6 *,R 6 (g)A 6 ) by K a [a)ifi) := (3 A a A a E A 6 
(a, (3 £ JR 6 *) and 

A : A 4 — ► (A 6 ) 4 by a .— ► det( J ftT CT ). 



Note that A(<^o) < and A(cto) > holds. Therefore we obtain the associated 
volumes by: 

(i) e-.GL.ifo — >A 6 with ip\ — > (-\(ip))i. 

(ii) e : Gi.cr — * A 6 with a i — > (A(<r))J. 

The complex structure associated to y> € GL.ipo is given by 

J(^) := ^y^(y) e End(M 6 ). 
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